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Abstract
We construct supersymmetric (SUSY) grand unification (GUT) models in the six-dimensional space–time where the GUT
symmetry is broken down to the standard-model gauge group by a simple orbifolding T2/Z4 or T2/Z6 and a pair of massless
Higgs doublets in the SUSY standard model are naturally obtained. Since the background geometry here is simple compared
with models using the Scherk–Schwarz mechanism, one might hope for an approximate gauge coupling unification in the
present models. Here, the presence of the massless Higgs multiplets in the bulk is quite natural, since the anomaly cancellation
in the six-dimensional space–time requires N = 2 hyper multiplets in the bulk, some of which are origins of the Higgs doublets.
However, the origin of the quarks and leptons is still not clear at all.
Search for a solution to the doublet–triplet splitting
problem in the supersymmetric (SUSY) grand unifi-
cation theory (GUT) has led us to consider various
extensions of the minimal SU(5) SUSY–GUT [1–3].
Recently, Kawamura [4] has pointed out an interesting
solution to this problem utilizing an S1/Z2 orbifold in
a five-dimensional space–time, which is deeply related
to the early suggestion by Witten [5]. 1 Although this
original model has various unwanted massless par-
ticles, they are easily eliminated if one assumes an
S1/(Z2〈σ1〉 × Z′2〈σ2〉) orbifold [7,8]. Here, this orb-
ifold is also regarded as R1/(Z〈σ1σ2〉  Z2〈σ1〉) [9],
where the Z〈σ1σ2〉 gives the symmetry-breaking
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1 There has been proposed another kind of solution to the
doublet–triplet splitting problem in a higher-dimensional space–
time [6].
boundary condition a la Scherk–Schwarz [10]. A num-
ber of interesting features in this approach has been
discussed [11]. As is pointed out in the original pa-
per [10], the Scherk–Schwarz breaking of gauge sym-
metry is equivalent to the Wilson line breaking [12].
Thus, the nontrivial background of gauge field exists
and its effect to the tree level gauge coupling is gener-
ally incalculable. 2 Therefore, it is not necessarily ob-
vious to maintain the gauge coupling unification even
at the tree level.
2 In the string theory the SU(5) gauge symmetry can be realized
on the branes where five D-branes coincide, and there the Wilson
line breaking corresponds to a spatially parallel separation of the five
D-branes in a T-dual manifold [13]. Therefore, there is no reason
that the expectation value of dilaton takes the same value at the
positions of the separated SU(3) three branes and SU(2) two branes.
Since the values of dilaton correspond to the gauge couplings, the
coupling constants of each gauge groups are, in general, different
from each others.
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The purpose of this Letter is to construct a SUSY–
GUT model with the orbifold GUT breaking mech-
anism in the six-dimensional space–time 3 without
utilizing the Scherk–Schwarz breaking. 4 The back-
ground geometry here is simpler than those in mod-
els using the Scherk–Schwarz mechanism since there
is no gauge field background. Thus, one might hope
for an approximate gauge coupling unification in
the present models. We consider a simple orbifold
T2/Z4. We find that only a pair of the Higgs dou-
blets Hf and Hf survive together with the gauge mul-
tiplets of SU(3)C × SU(2)L×U(1)Y in the extra two-
dimensional bulk. The matter multiplets 5∗ and 10 are
assumed to reside on a fixed point that preserves SU(5)
symmetry. We also find that a similar model can be
constructed on another simple orbifold T2/Z6.
We first note that the five-dimensional space–time
is too small to have the desired orbifold GUT breaking
model (without the Scherk–Schwarz mechanism). The
orbifold projection associated with the S1/Z2 com-
pactification is not enough to eliminate all the un-
wanted particles contained in the N = 2 SUSY SU(5)
multiplets. Such an elimination is possible only by us-
ing the Scherk–Schwarz mechanism in the S1/(Z2 ×
Z′2)  R1/(Z  Z2) compactification. Therefore, we
consider the orbifold GUT breaking model in the six-
dimensional space–time. 5 Furthermore, there is an-
other reason to assume the higher-dimensional space–
time; the R-symmetry that is a crucial and unique
symmetry to forbid a constant term in the superpo-
tential [15] may arise from a rotation symmetry in
the extra space. In this sense the present analysis
provides the first basic and natural GUT model in
a higher-dimensional space–time. 6 We restrict our-
3 There has been, recently, discussed the SO(10) GUT in the
six-dimensional space–time [14]. However, the Scherk–Schwarz
boundary breaking is still postulated.
4 In this Letter, we define the “Scherk–Schwarz breaking” as
the symmetry breaking due to a twisted boundary condition on a
quotient manifold where the transformation group acts freely [10].
5 It is impossible to impose Z2 orbifold projection in five
dimensions if there are mass terms of hyper multiplets. However, the
absence of those mass terms is guaranteed by rotational symmetry
of the extra two-dimensional space.
6 The present models will serve as a useful framework for
various investigations (including the confirmation of the gauge
coupling unification) of orbifold GUT breaking models in a higher-
dimensional space–time.
selves to the six-dimensional supergravity in this Let-
ter, since if we go further the consistency condition
becomes more restrictive. We do not consider that the
effective field theory should be necessarily formulated
in the ten-dimensional supergravity, even if the under-
lying fundamental theory is given by the string the-
ory.
The possible rotational symmetry that the two-
dimensional torus T2 in the extra-dimensional space
possesses is Z2, Z3, Z4 or Z6. These are the symme-
tries that rotate the 4th–5th plane by π , 2π/3, π/2 or
π/3, respectively. We require that the orbifold projec-
tion condition explicitly distinguishes the color SU(3)
and the flavor SU(2) of the SU(5) indices and breaks
the SU(5) GUT down to the standard model gauge
group.
The N = 2 SU(5) vector multiplet propagates in
the six-dimensional bulk. The lengths L of the extra
dimensions are assumed to be of order of 1/(GUT
scale) and the fundamental scale of the theory M∗ is
of order 1017 GeV. This lower cut-off scale is a crucial
point in keeping the approximate gauge coupling
unification at the effective GUT scale ∼ 1016 GeV
as noted in [8,16]. The volume of the extra two-
dimensional space 7 is about (M∗L)2 ∼ 102.
Now that the SU(5) vector multiplet propagates
in the six-dimensional bulk, the six-dimensional box
anomaly must be canceled. Six-dimensional box ano-
malies consist of pure gauge anomalies tr(F 4) and
(tr(F 2))2, a gauge–gravity mixed anomaly tr(F 2) ×
tr(R2) and pure gravitational anomalies [18]. Among
these, pure gravitational anomalies can be canceled
by introduction of SU(5) singlet fields and reducible
anomalies (tr(F 2))2 and tr(F 2) tr(R2) can be canceled
by the Green–Schwarz mechanism [19]. Thus we only
care about the pure gauge tr(F 4) anomaly of the SU(5)
gauge theory. In (1,0)-SUSY (N = 2 SUSY in four-
dimensional sense) gauge theories in six dimensions,
N = 2 hyper multiplets have chirality opposite to that
of the N = 2 vector multiplet. Therefore, the pure
gauge box anomaly from the gauge fermions of the
N = 2 SU(5) vector multiplet can be canceled by
introducing N = 2 hyper multiplets. The anomaly of
the SU(n) N = 2 vector multiplet is −2n times that
7 This large extra dimensions may be welcome to the gaugino
mediation scenario of SUSY breaking [17].
166 T. Watari, T. Yanagida / Physics Letters B 519 (2001) 164–168
of the N = 2 hyper multiplet in SU(n)-fundamental
representation (up to reducible anomaly) [18], and
hence we introduce ten (5 + 5∗) hyper multiplets in
the six-dimensional bulk. 8
We expect that the four-dimensional N = 1 vector
multiplets of the SU(3)C × SU(2)L × U(1)Y in the
minimal SUSY standard model (MSSM) come from
the above N = 2 SU(5) vector multiplet. Since we in-
troduced N = 2 hyper multiplets in 5+ 5∗ representa-
tion, it is possible that the N = 1 chiral multiplets of
Hf and Hf in the MSSM also originate from the bulk
fields. Spectrum of massless particles that live in the
bulk is determined by the orbifold projection condi-
tion that distinguishes the color SU(3) and the flavor
SU(2), and hence the remaining particles may be cho-
sen as only doublets by adopting an appropriate orb-
ifold projection as shown below. The phenomenolog-
ical reason for which we identify the Higgs as bulk
fields (not as fixed point fields) will be explained later.
On the contrary, we postulate by hand that the N = 1
chiral multiplets of quarks and leptons, 5∗ +10, reside
on orbifold fixed points. This is the weakest point in
the present approach.
In the model construction of the orbifold GUT
breaking, the existence of the fixed point that preserves
the SU(5) symmetry is an important ingredient [8].
A natural explanation of the anomaly cancellation
in terms of the SU(5) GUT which is nothing but a
miracle in the standard model, the charge quantization
of the U(1)Y , and the bottom-tau Yukawa unification
are the major reasons that we believe SUSY–GUT
along with the gauge coupling unification suggested
from the experiments. The above three features are
still maintained if the orbifold geometry has a fixed
point that preserves the four-dimensional SU(5) GUT
symmetry even though the orbifold GUT breaking
model has no complete higher-dimensional SU(5)
symmetry. We consider the model in which the three
families of quarks and leptons, 5∗ +10, reside on such
a fixed point.
8 The anomaly from the N = 2 vector multiplet is completely
canceled by the N = 2 hyper multiplet in the adjoint representation.
However, it is not phenomenologically successful. Additional three
(5 + 5∗) hyper multiplets and a (10 + 10∗) hyper multiplet do not
give rise to an irreducible pure gauge anomaly, and these multiplets
may be of phenomenological use. In this Letter, however, we only
discuss the simplest possibility (ten 5+ 5∗ in the text).
Fig. 1. T2/Z4 orbifold geometry is described. There are two Z4〈σ 〉
fixed points (•’s) and one fixed point (◦) whose isotropy group is
Z2〈σ 2〉. The arrow denotes the identification between mirror images
under Z4/Z2. This Z2〈σ 2〉 fixed point is the SU(5) preserving fixed
point.
In order to have a fixed point which preserves
the SU(5) symmetry, the orbifold group must have
nontrivial and proper subgroup. First, the isotropy
group associated to such a fixed point 9 is not trivial
by definition. Secondly, if the isotropy group were
identical to the whole orbifold group, then the orbifold
projection associated to the isotropy group of such a
fixed point would distinguish the color SU(3) and the
flavor SU(2) subgroups of the SU(5), and hence the
SU(5) symmetry would not be preserved. Therefore,
the isotropy group of such a fixed point is nontrivial
and proper subgroup of the whole orbifold group. This
means that the orbifold group candidate are Z4 and
Z6 since Z2 and Z3 do not have such a subgroup.
Therefore, we consider the T2/Z4〈σ 〉 and T2/Z6〈σ 〉
model where the σ is the generator of the each orbifold
group Z4 and Z6.
Let us first consider the model on T2/Z4〈σ 〉 orb-
ifold. The generator σ of the Z4 transformation rotates
the 4th–5th plane by π/2:
(1)σ : (z≡ (x4 + ix5)
) → σ · z= ei(θ= 2π4 )z.
The geometric picture of the T2/Z4〈σ 〉 orbifold is
shown in Fig. 1. There are two Z4〈σ 〉 fixed points and
there is one Z2〈σ 2〉 fixed point. 10 We can identify the
9 Isotropy (sub)group of a point is a subgroup of a transformation
group, say the orbifold group, which consists of elements that fix the
point.
10 In this Letter, we call the fixed point whose isotropy group is
Z2〈σ 2〉 as Z2〈σ 2〉 fixed point for brevity. Similar terminology is
also used later in the T2/Z6 orbifold model.
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latter fixed point as the SU(5) preserving fixed point,
as seen below. The N = 2 bulk fields consist of an
N = 1 SU(5) vector multiplet V (z), an N = 1 chiral
multiplet Σ(z) that transforms as an adjoint represen-
tation of the SU(5), and N = 1 chiral multiplets Fj (z)
and Fj (z) (j = 1, . . . ,10) that transform 5 and 5∗, re-
spectively, before the orbifold projection. The mass-
less spectrum of the gauge theory on the orbifold is
given by the zero modes that satisfy the following orb-
ifold projection condition:
V (x, z)= γ˜σ V
(
x, eiθ z
)
γ˜−1σ ,
(2)Σ(x, z)= eiθ γ˜σΣ
(
x, eiθ z
)
γ˜−1σ ,
F (x, z)j = eiθnj γ˜σ F
(
x, eiθz
)
j
,
(3)F(x, z)j = eiθ(−1−nj )γ˜−1σ F
(
x, eiθz
)j
,
where θ = (2π)/4. Rotational charges nj for the hyper
multiplets can be n/2 (n= 0,1,2,3, . . .). γ˜σ is the (5
× 5) gauge twisting matrix associated to the generator
σ that must satisfy (γ˜σ )4 = 1.
We take the gauge twisting matrix γ˜σ as
(4)γ˜σ = diag
(
eiθm, eiθm, eiθm, ei(θm+π), ei(θm+π)
)
,
where m is an arbitrary integer and θ = (2π)/4. Under
this choice, the Z2〈σ 2〉 fixed point preserves the SU(5)
symmetry because the gauge twisting matrix γ˜σ 2 ≡
(γ˜σ )
2 ∝ 1 does not make any discrimination between
the color SU(3) and the flavor SU(2). We put the three
families of quarks and leptons on this fixed point.
Now we can see that the massless particles (Kaluza–
Klein zero modes) from the N = 2 SU(5) vector
multiplet are just the N = 1 vector multiplets of the
MSSM. Only one pair of the N = 1 chiral multiplets
Hf from the F1 and the Hf from the F 2 survive
the orbifold projection conditions Eq. (3) if we take
n1 = (2−m), n2 = (1−m) and nj (j = 3, . . . ,10) to
be half integers. These are exactly the pair of Higgs
doublets in the MSSM. No other unwanted particle
remains massless. We can also see that the triangle
anomalies which might appear at fixed points because
of the orbifolding completely vanish [20].
We obtain the desired massless Higgs multiplets
Hf and Hf in the bulk. As a matter of fact, this is
a necessary property as long as the third family of
the quarks and leptons reside on the SU(5) preserving
fixed point. The reason is the following. Suppose that
the two Higgs doublets reside on one of the two
Z4〈σ 〉 fixed points and the third family reside on the
Z2〈σ 2〉 fixed point. Let us consider how the Yukawa
couplings in the superpotential are generated. Since
the quark and lepton multiplets are separated from
the two Higgs doublets by the distance M∗L ∼ 10,
an exchange of particles of mass of order of the
fundamental scale M∗ is not enough to induce the
Yukawa couplings because of the damping of the
wave function e−M∗L  10−4. Only the Kaluza–Klein
particles (of the 5 + 5∗ hyper multiplets) can do the
job. However, we can see that all those Kaluza–Klein
particles have zero wave function at the Z4 fixed points
in models where no massless Higgs multiplet remains
in the bulk. Therefore, necessary Yukawa couplings
are not generated by the exchanges of the Kaluza–
Klein particles.
It is easy to see that a similar argument to the above
also holds in the model of T2/Z6〈σ 〉 orbifold. The
generator σ rotates the 4th–5th plane by π/3:
(5)σ : z → eiθ z, θ = 2π
6
.
Orbifold projection conditions are the same as Eq. (2)
and Eq. (3) with θ = (2π)/4 replaced by θ = (2π)/6.
The (5 × 5) gauge twisting matrix associated to the
generator σ can be given by
(6)γ˜σ = diag
(
eiθm, eiθm, eiθm, ei(θm+π), ei(θm+π)
)
,
as in Eq. (4), or by
(7)
γ˜σ = diag
(
eiθm, eiθm, eiθm, ei(θm±2π/3), ei(θm±2π/3)
)
,
where m is again an arbitrary integer. In the former
case Z3〈σ 2〉 fixed point are the SU(5) preserving
fixed point and in the latter case the Z2〈σ 3〉 fixed
point preserves the SU(5) (see Fig. 2). Precisely
the N = 1 vector multiplets of the MSSM survive
the orbifold projection, and the two massless Higgs
doublets remain in the bulk if we take the rotational
charges nj of the N = 2 hyper multiplets as n1 =
(−m−3), n2 = (−m+2) and nj = (−m−2), (−m−
5), (half integers) for (j = 3, . . . ,10) in the former
case, and n1 = (−m ∓ 2), n2 = (−m ∓ 2 − 1) and
nj = (−m ∓ 1 − 4), (−m ∓ 1 − 3), (half integers)
for (j = 3, . . . ,10) in the latter case. We also see that
the two Higgs doublets should be in the bulk to have
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Fig. 2. Geometry of T2/Z6 is described. This orbifold has three
fixed points whose isotropy groups are all different: namely the •
(Z3〈σ 2〉 fixed), the ◦ (Z2〈σ 3〉 fixed) and the •–◦ (Z6〈σ 〉 fixed).
Each of the fixed point • and ◦ can be an SU(5) preserving fixed
point. Arrows denote the identification between mirror images under
Z6/Z3 (•’s) and Z6/Z2 (◦’s), respectively.
the sufficiently large Yukawa couplings in this T2/Z6
orbifold model.
If we assume that the second and/or the first
family also reside on the SU(5) preserving fixed
point, then we have to find some mechanism to
break the SU(5) relation ms = mµ and/or md = me .
This may be realized through the mixing of these
quarks and leptons with the massive multiplets that
propagate in the bulk. In the T2/Z6 orbifold model
such massive multiplets may be supplied by Kaluza–
Klein towers of the hyper multiplets Fj and Fj , and
in the T2/Z4 orbifold model they are contained in
the heavy particles at the cut-off scale M∗. A detailed
phenomenological aspects of the present models will
be given elsewhere.
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